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Introduction
Aluminum alloy has been the most widely used metal 

structural materials in the military industry, mainly used 
in aviation, aerospace and weapons industry. It can give 
full play to the potential of the material by making into 
various sections of the profiles, pipes, etc, as a result of its 
low density, high strength and good processing proper-
ties [1]. For each additional 1% of the lithium element in 
aluminum, its density can be reduced by 3%, the modu-
lus increased by 5%. Therefore, the weight of the aircraft 
will be greatly reduced if the traditional aluminum alloy 
structural materials were replaced by aluminum-lithium 
alloy. The addition of Cu and Mg not only improved the 
strength of Al-Li alloy, but also changed the precipitation 
sequence of Al-Li alloy [2]. Precipitation strengthening is 
the main strengthening way of Al-Li alloy, so the nature of 
the precipitation is particularly important for the perfor-
mance of the alloy [3]. The most common and important 
precipitations in Al-Li-Cu-Mg alloys are δ'(Al3Li), θ(Al-
2Cu), T1(Al2CuLi), S(Al2CuMg) and σ(Al5Cu6Mg2) [4,5]. 
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Many researchers studied the morphology and evolution 
of T1 and S by electron microscopy, while the research 
on σ is very rare. The element Si added to the Al-Cu-Mg 
system alloys, which have the appropriate atom ratio of 
Cu to Mg would promote forming precipitating σ phase. 
Recent researches demonstrated that σ phase had good 
growth resistance property during 250 °C, resulting in 
great room and high temperature performance. Thus, 
study of the σ phase precipitating from Al-Cu-Mg sys-
tem alloys would give some experimental supports to the 
new Al-Cu-Mg alloys and improve their heat resistance, 
economic and comprehensive properties to meet the 
supersonic aircraft's demands. So far, there are no sys-
tematic reports on the mechanical and thermodynamic 
properties of the ternary precipitated in AI-Li-Cu-Mg al-
loys. In this work, first-principles method was performed 
to study the properties of Al-Li-Cu-Mg alloy precipita-
tions including S, T1 and σ. Lattice constants, structural 
stability, elastic properties and electronic structure were 
discussed.
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Calculation Method
All of the calculations, in this paper, were performed 

using the density function theory (DFT) as implement-
ed in the Vienna Ab initio Simulation Package (VASP). 
The interaction between the ionic core and the valence 
electrons was described by Generalized gradient approx-
imation (GGA) of the Perdew-Burke-Ernzerh of (PBE) 
functional [6,7]. The Brillouin zone is sampled using a 
Monkhorst-Pack k-point grid for S and σ, in addition, a 
Gamma centered is used for T1 of the hexagonal struc-
ture [8,9]. We considered the convergence of the results 
with respect to cutoff energy and k-points carefully. The 
cutoff energy for plane wave expansion was 450 eV for 
all the crystal models. The k-points meshes were set to be 
18 × 8 × 10, 18 × 18 × 10 and 10 × 10 × 10 for S, T1 and 
σ, respectively. The valence electrons considered in their 
pseudopotential were 3s23p1 for Al, 3d104s1 for Cu, 2p63s2 
for Mg and 2s1 for Li, respectively. The above parameters 
could assure a total energy convergence of 10-5 eV/atom 
and maximum force under 0.01 eV/Å.

Results and Discussion
Structural properties

The models of precipitations S, T1 and σ are shown in 
Figure 1, which are orthogonal [10], hexagonal [11] and 
cubic [12] structures, respectively. The lattice constants 
for S, T1 and σ were calculated from geometry optimiza-

tion. Our calculated results, other theoretical and exper-
imental results are listed in Table 1. Generally, the calcu-
lated results of the lattice constant and experimental val-
ue deviation within 5% can be regarded as credible [15]. 
It is obvious that our results are close to the experimental 
and other calculated values. The lattice constants calcu-
lated in this paper deviate from the experimental values 
by a maximum of 3%, which indicates that the calculated 
results are credible. Further, the calculation parameters 
used in this paper are credible.

Cohesive energy and heat of formation
Based on the optimization of geometrical structure, 

the cohesive energy and heat of formation of S, T1 and σ 
are calculated respectively as shown in Table 1. Table 1 
also shows the corresponding experimental values and 
theoretical calculations for some of the precipitates. As 
for S and T1, it is found that the calculated cohesive en-
ergy and the formation heat are very close to the experi-
mental values and the formation heat of S is closer to the 
experimental value than other theoretical values, which 
shows once again that our method is accurate and fea-
sible. However, there is no experimental or theoretical 
value for σ. Therefore, our calculated results of σ can be a 
good reference for further study. The cohesive energy of 
a crystal is the energy released by the free atom binding 
to the crystal, that is, the work done when the interme-
tallic compound is decomposed into an isolated atom 

         

(a)

(b)
(c)

Figure 1: The crystal models of S (a) T1 (b) and σ (c). The pink, yellow, green and purple ball denote Al, Cu, Mg and Li atom, 
respectively.

Table 1: Calculated and experimental lattice constant, cohesive energy and heat of formation of S, T1 and σ.

Group Method a (Å) b (Å) c (Å) Ecoh (eV/atom) ΔH (eV/atom) Ref
S Cmcm Cal 4.010 9.285 7.138 -3.342 -0.183 TW

Exp 4.000 9.230 7.140 - -0.164 [10]
Cal 4.013 9.316 7.177 -3.325 -0.069 [4]

T1 P6/mmm Cal 4.854 4.854 9.609 -3.034 -0.206 TW
Exp 4.965 4.965 9.345 - - [13]
Cal - - - - -0.237 [14]

σ Pm3 Cal 8.284 - - -3.607 -0.238 TW
Cal 8.311 - - - - [12]

Cal = Calculations; Exp = Experiment; TW = This work.
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with infinite distance [16]. The strength and structural 
stability are closely related to the cohesive energy. The 
lower the value of cohesive energy, the more stable the 
crystal formed. The cohesive energy can be calculated by 
the following equation [16]:

coh
1E  = ( )A B C

tot A atom B atom C atom
A B C

E N E N E N E
N N N

− − −
+ +   (1)

Where Etot is the total energy of the precipitations in the 
equilibrium state; A

atomE , B
atomE  and C

atomE  denote the ener-
gy of the isolated A, B and C atom, respectively; AN , BN  
and CN  are the number of A, B and C atom in the prim-
itive cell respectively. As we can see from Table 1, all the 
values of the cohesive energy are negative, which indicates 
the structures of S, T1 and σ phases are stable. The cohesive 
energy increases in the order of σ, S, and T1, so their corre-
sponding stability decreases in turn. This shows that σ is the 
most stable phase and it will be the last one to disappear in 
the process of heating homogenization.

The formation of heat refers to the energy released by 
the formation of pure elements in the normal state, which 
can be used to characterize the intermetallic alloying ability 
of the compounds [17]. The lower the formation heat, the 
stronger the alloying ability of the phase, that is, the more 
easily formed during the formation of the alloy; otherwise, 
the more difficult to form [18]. Heat of formation can be 
calculated by using the formula as below [19]:

1 ( )A B C
tot A phase B phase C phase

A B C

H E N E N E N E
N N N

∆ = − − −
+ +  (2)

Where totE  denotes the total energy of the precipita-
tions in the equilibrium state, and A

solidE , B
solidE  and C

solidE  
are the energy of atom A, B and C in the solid states, re-
spectively; AN , BN  and CN  are the number of A, B and 
C atom in the primitive cell, respectively. The values of 
heat of formation for S, T1 and σ are all negative, which 
reveals that S, T1 and σ are energetically favorable and 
have strong alloying ability. The highest value of the for-
mation of heat is S, the lowest is σ and the middle is T1. 
It’s meaning that σ has the largest tendency to form, fol-
lowed by T1 and S, thermodynamically. In other words, 
there must be σ phase if you want to precipitate S or T1 
in Al-Li-Cu-Mg alloy while satisfying the conditions of 
precipitation of the three phases. In combination with 
the formation of thermal values, we find that σ is the 
most stable and most easily formed phase. However, the 
cohesive energy of S is larger than that of T1, and the heat 
of formation is smaller than T1, indicating that S is more 
stable and the tendency of T1 is larger.

Elastic properties
The elastic constant ( ijC ) is an important parameter, 

which can reflect the mechanical properties of the ma-
terial. The relationship between energy and strain that 
satisfies the Hooke's law under the condition of a small 

strain, and the elastic constant is the coefficient of this 
linear relationship. The elastic constant can be calculated 
by the following equation [20]:

( )2

0

,1 = k
ij

i j

E V
C

V
ε

ε
ε ε

=

 ∂
 

∂ ∂  
           (3)

Where V  is the volume; E  is the energy of the sys-
tem; ie , je  and ke  denote the strains applied in the x , 
y  and z  directions of the crystal, respectively.

The relationship between strain energy and strain can 
be obtained by calculating the strain energy of a single 
crystal under pressure in different directions. The elas-
tic constant is the quadratic coefficient of the quadrat-
ic function, while the quadratic function is obtained by 
fitting the data of "energy change-strain amplitude". The 
relationship between strain energy and strain is [21,22]:

6 6

1 1

 = 
2 ij i j

i j

VE C e e
= =

D åå             (4)

Due to the different symmetries, the way the strain is ap-
plied is different for different crystal systems. Table 2 shows 
the details of the strain applied to S, T1 and σ, as well as the 
relationship between elastic strain energy and strain.

The elastic constants calculated by the first-princi-
ples method are shown in Table 3. The values of elastic 
constants for S are in agreement with theoretical results. 
However, there is no experimental or theoretical value 
for T1 and σ. Therefore, our calculated results about elas-
tic properties of T1 and σ can be a good reference for fur-
ther study.

The mechanical stability of the crystal can be deter-
mined by the elastic constant.

For orthorhombic phase, the mechanical stability cri-
teria are given by [24]:

( )
11 22 33 44 55 66

11 22 33 12 13 23 11 22 12

11 33 13 22 33 23

0 0 0 0 0 0

2 0 2 0

2 0 2 0

C ,C ,C ,C ,C ,C

C C C C C C ,C C C

C C C ,C C C

> > > > > >

+ + + + + > + − >  
+ − > + − >

 (5)

For hexagonal phase, the mechanical stability criteria 
are given by [25]:

2
44 11 12 11 12 33 130 ( 2 ) 2C ,C C , C C C C> > + >            (6)

For cubic phase, the mechanical stability criteria are 
given by [26]:

( )11 44 11 22 11 120 0 2 0C ,C ,C C C C> > > + >，                  (7)

According to the data in Table 3, it is found that the 
S with the orthorhombic structure, the T1 with the hex-
agonal structure and the σ with the cubic structure are 
all satisfy the conditions required by the equations (5) to 
(7), clearing that they are mechanically stable.

The bulk modulus ( B ) and the shear modulus ( G ) 
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( ) ( ) ( )2
13 12 23 13 22 23 12 13 23 11 33 11 12 12 = C C C C C C C C C C C C C C∆ − + − + −  (12)

Hexagonal phase:

( ) ( ) 2
11 12 13 33 = 1 9 2 4 ,   = V RB C C C C B C M+ + +     (13)

( )( )44 66 = 1 30 12 12VG M C C+ +        (14)

( ) ( )2 2
44 66 44 66 44 66 = 5 2 3R VG C C C B C C C C C   + +      

(15)

( )2 2
11 12 33 13 11 12 33 13 = 2 ,   = 2 4C C C C C M C C C C+ − + + −   (16)

Cubic phase:

11 12 =  = ( 2 ) / 3V RB B C C+                       (17)

( )( ) ( ) ( )11 12 44 11 12 44 44 11 12 = 1 5 3 ,   = 5 4 3V RG C C C G C C C C C C− + − + −        (18)

Young's modulus ( E ) and the Poisson's ratio (ν ) 
can be calculated using the following equations [30,31]:

of the crystals corresponding to different crystal systems 
can be simplified as follows [27-29]:

Orthorhombic phase:
( ) ( )11 22 33 11 13 23 = 1 9 2VB C C C C C C+ + + + +                      (8)

( ) ( )

( ) ( ) ( )
11 22 33 23 22 33 13 33 12

1
12 23 12 13 12 13 23 13 23

 = 2 2 2

        2 2C C C 2C C

RB C C C C C C C C C

C C C C
−

∆ + − + − −

+ − + − + − 

   (9)

( ) ( ) ( )11 22 33 44 55 66 12 13 23 = 1 15 3VG C C C C C C C C C+ + + + + − + +   (10)

[{ ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) }

11 22 33 23 22 33 13 33 12

12 23 12 13 12 13 23 13 23

1

44 55 66

 = 15 4

/

3 1/ 1/ 1/

RG C C C C C C C C C

C C C C C C C C C

C C C
−

+ + + + +

− + − + − + ∆

+ + +  

 (11)

Table 2: The relationship between elastic strain energy and 
strain of S, T1 and σ.

Phase Strain Energy

S

( ) = ,0,0,0,0,0e δ
2

11
1 = 
2

E C
V

δ∆

( ) = 0, ,0,0,0,0e δ 2
22

1 = 
2

E C
V

δ∆

( ) = 0,0, ,0,0,0e δ 2
33

1 = 
2

E C
V

δ∆

( ) = 0,0,0, ,0,0e δ 2
44

1 = 
2

E C
V

δ∆

( ) = 0,0,0,0, ,0e δ 2
55

1 = 
2

E C
V

δ∆

( ) = 0,0,0,0,0,e δ 2
66

1 = 
2

E C
V

δ∆

( ) = , ,0,0,0,0e δ δ 211 22
12 = 

2 2
C CE C

V
δ∆  + + 

 

( ) = 0, , ,0,0,0e δ δ 23322
23 = 

2 2
CCE C

V
δ∆  + + 

 

( ) = ,0, ,0,0,0e δ δ 23311
13 = 

2 2
CCE C

V
δ∆  + + 

 

T1

( ) = , ,0,0,0,0e δ δ ( ) 2
11 12 = E C C

V
δ∆

+

( ) = 0,0,0,0,0,e δ ( ) 2
11 12

1 = -
4

E C C
V

δ∆

( ) = 0,0, ,0,0,0e δ 2
33

1 = 
2

E C
V

δ∆

( ) = 0,0,0, , ,0e δ δ 2
44 = E C

V
δ∆

( ) = , , ,0,0,0e δ δ δ 233
11 12 13 = +2

2
CE C C C

V
δ∆  + + 

 

σ

( )1 0,0,0, , ,e δ δ δ= ( )44 4 4 44 5 5 44 6 6 = 
2
VE C e e C e e C e e∆ + +

( )2  = , ,0,0,0,0e δ δ ( )11 1 1 11 2 2 12 1 2 12 2 1 = +
2
VE C e e C e e C e e C e e∆ + +

( )3  = , , ,0,0,0e δ δ δ 11 1 1 11 2 2 11 3 3 12 1 2 12 1 3

12 2 1 12 2 3 12 3 1 12 3 2

+ +
 = 

2
C e e C e e C e e C e e C e eVE

C e e C e e C e e C e e
+ + 

∆  + + + + 

S T1 σ Al
TW Cal [5] TW TW TW Cal [23] Exp

11C 129.8 115.9 174.2 195.7 120.1 106.1 124

12C 42.4 35.3 73.8 77 62.3 68.6 61.9

13C 54.9 46.8 32.9 - - - -

22C 175.2 174.1 - - - - -

23C 37.2 38.7 - - - - -

33C 132.7 153.1 156.7 - - - -

44C 47.9 50.9 21.6 57.2 34.3 33.6 31.6

55C 70.7 70.2 - - - - -

66C 36.6 26.6 50.2 - - - -

VB 78.5 76.1 87.1 - - - -

RB 78 74.4 85.4 - - - -

B 78.3 75.2 86.3 116.6 81.6 81.1 82.6

VG 51.2 51 43 - - - -

RG 59.2 45.1 37.4 - - - -

G 55.2 48.1 40.2 58.1 32 26.6 31.4

E 134.1 118.9 104.4 149.4 85 71.9 83.6

/G B 0.71 0.64 0.47 0.5 0.39 0.33 0.39

ν 0.21 0.24 0.3 0.29 0.33 0.35 0.33

Table 3: The calculated and experimental elastic constants 
ijC

 
(GPa), bulk modulus B  (GPa), shear modulus G  (GPa), 

Young’ modulus E  (GPa), /G B  and Possion’s ratio ν  of S, 
T1, σ and Al.
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Where sV , pV  and mV  are the transverse phonon ve-
locities, the longitudinal phonon velocities, and the av-
erage phonon velocities, respectively; r  is the density of 
the material; B  is the bulk modulus, and G  is the shear 
modulus. Debye temperature of the material can be ob-
tained by phonon velocity [33]:

1
33 = 

4D m
h nN V
k M

ρ
π

 Θ  
 

                                     (21)

Where n  is the number of atoms; N  is the Avoga-
dro's number; k  is Boltzmann's constant; h  is Planck's 
constant and M  is the relative molecular mass.

It can be seen from Table 4 that Debye temperature 
of the three precipitated phases is higher than that of the 
matrix, and the value of T1 is the largest, followed by S and 
σ, indicating that these precipitated phases will improve 
the Debye temperature of the alloy. The precipitation of 
T1 has the greatest contribution to the improvement of 
Debye temperature. Debye temperature is closely related 
to the specific heat and melting point properties of the 
material. It is also a measure of the close relationship be-
tween the atoms and can reflect the size of the expansion 
coefficient. Crystal will swell under high temperature 
conditions, and different phases will squeeze each other 
to produce cracks under different expansion coefficients, 
resulting in material failure. With its higher Debye tem-
perature and lower coefficient of expansion, T1 becomes 
the least susceptible phase to high temperature cracking 
in the three major phases. The result is in agreement with 
the experiment.

Electronic structure
In order to investigate the nature of structural stabil-

ity and chemical bonding, the total and partial density of 
state (DOS) of precipitations S, T1 and σ were calculated 
and plotted in Figure 2. The outer electronic structures of 
the isolated atoms involved in the calculations include Al 
3s23p1, Cu 3d104s1, Mg 2p63s2 and Li 2s1. There is no pesu-
dogap near the Fermi energy in the total density of states of 
the three precipitates, indicating that S, T1 and σ all have the 
metallic character. The three total DOS can be divided into 

9 3 2 = ,   = 
3 2(3 )

GB B GE
B G B G

υ −
+ +

         (19)

The bulk modulus ( B ), Shear modulus ( G ), Young's 
modulus ( E ) and the Poisson's ratio (ν ) of S, T1, σ and 
Al can be calculated according to Equations (8) to (19). 
The results are shown in Table 3.

The values of the bulk modulus and shear modulus 
show that σ has the strongest deformation resistance and 
the strongest directional bonds between the atoms. It is 
displayed that S has the smallest bulk modulus, meaning 
that S has a weakest resistance to volume change by ex-
ternal stress. In other words, the precipitation of S phase 
will reduce the probability of cracks in the alloy, because 
the S phase will be deformed along with the matrix under 
the load conditions. Young's modulus [32] can represent 
a level of stiffness, and the larger the Young's modulus is, 
the stiffer the material is. The Young's modulus of the σ is 
149.4 GPa, which is larger than that of the other two pre-
cipitations, arguing that the σ has the stiffest structure, 
followed by T1 and S. The shear modulus of each precip-
itated phase is much higher than that of the matrix, and 
the tendency is almost the same as the shear modulus. 
This phenomenon shows that these three precipitates 
can effectively obstruct the volume deformation of the 
alloy, especially the σ.

The ductility or brittleness is an important parameter 
for the alloys, which can be evaluated by the ratio of bulk 
modulus to shear modulus (B/G) and Poisson’s ratio (υ). 
The greater the /G B  value is, the better the brittleness 
of the material is; conversely, the ductility is better, with 
a critical point of 0.57. The calculated results clear that 
T1 and σ are ductile materials and S is brittle material. 
The Poisson's ratio is another way to assess the ductile 
and brittleness of metals and its value is usually ranges 
from -1 to 0.5. The bigger the value of Poisson’s ratio is, 
the better the ductility of material is. It shows that T1 has 
a best ductility, followed by σ and finally S, which is in 
accordance with the previous Pugh.

Debye temperature
The propagation speed of sound in a solid is the en-

ergy propagation velocity of the lattice vibration, and the 
specific thermal property as measured by the Debye tem-
perature is caused by an increase in the vibrational level 
of the lattice. Therefore, The Debye temperature approx-
imation can be obtained through the mechanical proper-
ties of the estimated sound velocity. The relationship be-
tween sound velocity and mechanical properties is [33]:

1 1
2 23 4 = ,   = 

3s p
G B GV V
ρ ρ

   +
   
   

                         (20)

Table 4: The Debye temperature of S, T1 and σ.

Al S T1 σ
3(g/ cm )r 2.7128 0.8935 0.3492 1.6407

(m/ s)sV 3442.65 7860.00 10729.41 5950.77

(m/ s)pV 6784.15 13038.62 20015.74 10875.79

(m/ s)mV 3858.58 8691.06 11982.08 6635.51

(K)DQ 450.79 641.07 674.24 559.60
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Figure 2: Total and partial density of states of S, T1 and σ a) S; b) T1; c) σ. The vertical solid lines indicate the location of 
Fermi level.
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structural stability of σ is best, followed by S and T1.

•	 Mechanical properties reveal that σ possesses the best 
reinforcement effect. And S is a brittle material, while 
T1 and σ are plastic materials.

•	 The total and partial state densities show that all of 
the three precipitates exhibit metallic properties, and 
the number of bonded electrons explains the stability 
of the precipitation in the Al-Li-Cu-Mg alloy. Charge 
density difference contributes to the differences of 
mechanical property for S, T1 and σ.
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